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Abstract. Geometric and dynamic properties of embeddings of SL(2,Z) into the Cre- 
mona group are studied. Infinitely many non-conjugate embeddings that preserve the type 
(i.e. that send elliptic, parabolic and hyperbolic elements onto elements of the same type) 
are provided. The existence of infinitely many non-conjugate elliptic, parabolic and hyper- 
bolic embeddings is also shown. 

In particular, a group G of automorphisms of a smooth suiface S obtained by blowing- 
up 10 points of the complex projective plane is given. The group G is isomorphic to 
SL(2,Z), preserves an elliptic curve and all its elements of infinite order are hyperbolic. 
2010 Mathematics Subject Classification. — 14E07 (primary), 14L30, 15B36 (secondary). 



1. Introduction 

Our article is motivated by the following result on the embeddings of the groups SL(«, Z) 
into the group Bir(P^) of birational maps of P^(C); the group SL(n,Z) does not embed 
into Bir(p2) for « > 4 and SL(3,Z) only embeds linearly (i.e. in Aut(p2) = PGL(3,C)) 
into Bir(P^) up to conjugacy [Des, Theorem 1.4]. 

It is thus natural to look at the embeddings of SL(2,Z) into Biv(F^). As SL(2,Z) has 
almost a structure of free group, it admits many embeddings of different type into Bir(P^), 
and it is not reasonable to look for a classification of all embeddings. We thus focus on 
embeddings having some geometric properties; among them the most natural ones are the 
embeddings which preserve the type evoked by Favre in [Fav, Question 4]. 

The elements of SL(2,Z) are classified into elliptic, parabolic and hyperbolic elements, 
with respect to their action on the hyperbolic upper-plane (or similarly to their trace, 
see §2.1). The Cremona group Bir(P^) naturally acts on a hyperbolic space of infinite 
dimension {see [Man, Can2]), so there is a notion of elliptic, parabolic and hyperbolic ele- 
ments in this group; this classification can also be deduced from the growth rate of degrees 
of iterates (see [DiFa] and §2.3). Note that some authors prefer the term of loxodromic 
elements instead of hyperbolic elements {see for example [And, Proposition 2.16]). A 
morphism from SL(2,Z) to Bir(p2) preserves the type if it sends elliptic, parabolic and 
hyperbolic elements of SL(2,Z) on elements of Bir(P^) of the same type. Up to now, 
the only known example is the classical embedding 9^ : SL(2,Z) — > Bir(P^), which asso- 



ciates to a matrix M = 



a b 



the birational map 9j(M), given in affine coordinates by 



{x^y) {x"y^ ,x^y'') (or written simply {x"y'\x'^y^')). In this article, we provide infinitely 
many non-conjugate embeddings that preserve the type (Theorem 1 below); 
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Recall that the group SL(2, Z) is generated by the elements R and S given by 

1 " 

-1 ■ 

Theorem 1. {see §5.7) Let e be a real positive number, and set 

Ve + xy J 

Then 9e is an embedding o/SL(2,Z) into the Cremona group that preserves the type. 

Furthermore, if ^ and ^' are two real positive numbers such that 2s! ^ 1, then 9e(SL(2,Z)) 
and Q^i (SL(2, Z)) are not conjugate in Bir(P^). 

The standard embedding 9^ is conjugate to Q\. 

This family of embeddings is a first step in the classification of all embeddings of SL(2, Z) 
preserving the type. We do not know if other embeddings exist (except one special em- 
bedding 9- described in §3.1 which is a "twist" of the standard embedding 9^ defined by: 
9_ (5) = 9,(5) ^{y,\) and 9_ [R) = (xy, -y) ^ 9,(7?) = (xy,^)), in particular if it is possi- 
ble to find an embedding where the parabolic elements act by preserving elliptic fibrations. 

Question 1.1. Does there exist an embedding of SL(2,Z) into Bir(P^) that preserves the 
type and which is not conjugate to 9_ or to some 9e? 

The last two assertions of Theorem 1 yield to the following question: 

Question 1.2. Is the embedding 9_ rigid? i.e. not extendable to a one parameter family of 
non conjugate embeddings ? 

Note that some morphisms SL(2, Z) Bir(P^) preserving the type have been described 
([Fav, page 9], [CaLo] and [Gol]), but that these ones are not embedding, the central invo- 
lution acting trivially. See §3.1 for more details. 

One can also consider elliptic, parabolic and hyperbolic embeddings of SL(2,Z) into 
Bir(P^). An embedding 9 of SL(2,Z) into the Cremona group is said to be elliptic if 
each element of im9 is elliptic; 9 is parabolic (respectively hyperbolic) if each element of 
infinite order of im9 is parabolic (respectively hyperbolic). 

In Sections 3.2, 3.3 and 3.4, we prove the existence of an infinite number of non- 
conjugate elliptic, parabolic and hyperbolic embeddings (see Propositions 3.7, 3.8, 3.9 
and Corollary 3.11). It is possible to find many other such embeddings; we only give a 
simple way to construct infinitely many of each family. 

One can then ask if it is possible to find an embedding of SL(2,Z) into the Cremona 
group which is regularisable, i.e. which comes from an embedding into the group of auto- 
morphisms of a projective rational surface. It is easy to construct elliptic embeddings which 
are regularisable (see Section 3.2). In Section 4, we give a way to construct infinitely many 
hyperbolic embeddings of SL(2,Z) into the Cremona group which are regularisable, and 
each of the groups constructed moreover preserves an elliptic curve (one fixing it point- 
wise). The existence of regularisable embeddings which preserve the type is still open 
(and should contain parabolic elements with quadratic growth of degree). 

Note that the existence of hyperbolic automorphisms preserving an elliptic curve was 
not clear In [Pan, Theorem 1.1], it was proved that a curve preserved by an hyperbolic 
element of Bir(P^) has geometric genus or 1; examples of genus (easy to create 
by blowing-up) were provided, and the existence of genus 1 curves invariant was raised 



R = 



1 1 
1 



and 



S = 
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{see [Pan, page 443]). The related question of the existence of curves of arithmetic genus 1 
preserved by hyperbolic automorphisms of rational surfaces was also raised two years af- 
ter in [DFS, page 2987]. In [McM], the author constructs hyperbolic automorphisms of 
rational surfaces which correspond to Coxeter elements (any hyperbolic automorphism of 
a rational surface corresponds to an element of the Weyl group associated to the surface), 
that preserve a cuspidal (resp. nodal) curve. However, a general automorphism of a rational 
surface corresponding to a Coxeter element is hyperbolic but does not preserve any curve 
([BeKi]). 

The following statement yields existence of a group of automorphisms preserving a 
(smooth) elliptic curve such that every non-periodic element is hyperbolic. This is also 
possible with free groups {see [Canl, Remark 3.2] and [Blal]), but the construction is 
harder with more complicated groups like SL(2,Z). The method that we describe in Sec- 
tion 4 should be useful to create other groups generated by elements of finite order 

Theorem 2. There exist hyperbolic embeddings 9/,.i,9/,^27 9/!.3 o/SL(2,Z) into Bir(P^) 
such that: 

• for each i, the group Q/j j preserves a smooth cubic curve T C P^; 

• the action o/9/,,i on T is trivial, the action ofQ^.l on Y is generated by a translation 
of order 3 and the action o/9/,,3 on Y is generated by an automorphism of order 3 
with fixed points; 

• for i= 1,2,3, the blow-up Xi of respectively 12,10,10 points ofY conjugates 
9/,.,(SL(2,Z)) to a subgroup of automorphisms ofX,. The strict transform Y ofY 
on Xi is the only invariant curve; in particular the orbit of any element ofXi\Y is 
either finite or dense in the Zariski topology. 

Moreover, in cases i — 1,2, we can choose Y to be any smooth cubic curve, and this 
yields infinitely many hyperbolic embeddings o/SL(2,Z) into Bir(P^), up to conjugacy. 

Remark 1.3. In 9/, i, 9/, 2, 9/, 3, the letter h is no parameter but only means "hyperbolic", 
to distinguish them from the other embeddings 9s, 9_ and {9e}£gm, defined above. 

It could be interesting to study more precisely the orbits of the action of the above 
groups, in particular to answer the following questions: 

Question 1.4. Are the typical orbits of 9/, , dense in the transcendental topology ? 
Question 1.5. Are there some finite orbits in Xj\Yl 

We finish this introduction by mentioning related results. 

The statement of [Des, Theorem 1.4] for SL(3,Z) was generalised in [Can2], where it 
is proven that any finitely generated group having Kazhdan's property (T) only embeds 
hnearly into Bir(P^) (up to conjugation). 

Let us also mention [CaLa, Theorem A] which says that if a lattice F of a simple Lie 
group G embeds into the group Aut(C^), then G is isomorphic to PSO(l,«) or PSU(1,«) 
for some n. If the embedding is not conjugate to a subgroup of the affine group, the 
only possibility is G ~ PSO(l,2) ~ PSL(2,R), this latter case being intensively studied 
in [CaLa]. 

Note that our techniques heavily use the special structure of SL(2,Z), and one could 
ask similar questions for any lattice of GL(2,M) or PGL(2,]R); the behaviour and results 
could be very different. 
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2. Some reminders on SL(2,Z) and Bir(P^) 

2.1. About SL(2,Z). Division algorithm implies that the group SL (2, ^ 
the elements R and S given by 



is generated by 



R = 



and 



S = 





-1 



Remark that R is of infinite order and S of order 4. The square of S generates the center 
of SL(2,Z). Moreover 





RS^ 



and 



SR = 



1 



1 



-1 



are conjugate by S and both have order 3. 
A presentation of SL(2, Z) is given by 

{R,S\S'^ = iRS)^ ■ 



l,S-iRS) = iRS)S^ 



{see for example [New, Chapter 8]). This implies that the quotient of SL(2, Z) by its center 
is a free product of Z/2Z and Z/3Z generated by the classes [S] of S and [RS] of RS 

PSL(2,Z) = ([5], [RS] I [Sf = [RSf = 1). 

2.2. Dynamic of elements of SL(2, Z). Recall that the group SL(2, 1 
half plane 

m = {x + iyeC \ x,yeM.,y>0} 

by Mobius transformations: 



acts on the upper 



SL(2,I 



b 
d 



az- 



cz- 



The hyperbolic structure of H being preserved, this yields to a natural notion of elliptic, 
parabolic, and hyperbolic elements of SL(2,]R), and thus to elements of SL(2,Z) (as in 
[Ive, II.8]). 

If M is an element of SL(2,Z), we can be more precise and check the following easy 
observations: 

• M is elliptic if and only if M has finite order; 

• M is parabolic (respectively hyperbolic) if and only if M has infinite order and its 
trace is ±2 (respectively ^ ±2). 

Up to conjugacy the elliptic elements of SL(2, Z) are 



-1 






-1 





-1 



1 



1 





-1 



-1 

1 



-1 
1 



in particular an element of finite order is of order 2, 3, 4 or 6. 

A parabolic element of SL(2, Z) is up to conjugacy one of the following 

— 1 a 



1 a 
1 







-1 



a e Z. 
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2.3. Cremona group and dynamic of its elements. Let us recall the following classical 
definitions. 

Definitions 2.1. A rational map of the projective plane into itself is a map of the following 
type 

/: P2(C) P2(C), {x:y:z) (/o(x,y,z) : /i(x,y,z) : f2{x,y,z)), 

where the fi's are homogeneous polynomials of the same degree without common factor 
The degree of / is by definition: deg/ = deg/,. A birational map / is a rational map 
that admits a rational inverse. We denote by Bir(P^) the group of birational maps of the 
projective plane into itself; Bir(P') is also called the Cremona group. 

The degree is not a birational invariant; if / and g are in Bir(P^), then in general 
deg(g/g^') ^ deg/ . Nevertheless there exist two strictly positive constants a,b G M such 
that for all n the following holds 

adeg/" < deg(§/V') < ^deg/". 

In other words the degree growth is a birational invariant; so we introduce the following 
notion ([Fri, RuSh]). 

Definition 2.2. Let / be a birational map. The first dynamical degree of / is defined by 

X(/)=lim(deg/")'/". 

There is a classification of birational maps of P^ up to birational conjugation. 

Tlieorem 2.3 ([Giz, DiFa]). Let f be an element o/Bir(P^). Up to birational conjugation, 
exactly one of the following holds. 

• The sequence (deg/")„gf!j is bounded, f is an automorphism on some projective 
rational surface and an iterate of f is an automorphism isotopic to the identity; 

• the sequence (deg/")„gN grows linearly, and f preserves a rational fib ration. In 
this case f cannot be conjugate to an automorphism of a projective surface; 

• the sequence (deg/")„gN grows quadratically, and f is conjugate to an automor- 
phism preserving an elliptic fibration; 

• the sequence (deg/")„gN grows exponentially. 

In the second and third case, the invariant fibration is unique. In the first three cases X{f) 
is equal to I, in the last case is strictly greater than I. 

Definitions 2.4. Let / be a birational map of P^. 

If the sequence (deg/")„gN is bounded, / is said to be elliptic. 

When (deg/")„gi(} grows linearly or quadratically, we say that / is parabolic. 

If > 1, then / is an hyperbolic map. 

As we said the Cremona group acts naturally on a hyperbolic space of infinite dimension 
([Man, Can2]); we can say that a birational map is elliptic, resp. parabolic, resp. hyper- 
bolic, if the corresponding isometry is elliptic, resp. parabolic, resp. hyperbolic ([GhHa, 
Chapter 8, §2]). This definition coincides with the previous one ([Can2]). 

Examples 2.5. Any automorphism of P^ or of an Hirzebruch surface F„ and any birational 
map of finite order is elliptic. 

The map {x:y : z) {xy : yz '■ z^) is parabolic. 

A Henon map (automorphism of C^) 

(..,3') ^ {y,Piy) - 5x), 5 e C*, P e CLy], degP > 2 
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extends to a hyperbolic birational map of P^, of dynamical degree degP. 

Definitions 2.6. Let 9: SL(2,Z) ^ Bir(p2) be an embedding of SL(2,Z) into the Cre- 
mona group. 

We say that 9 preserves the type if 9 sends elliptic (respectively parabolic, respectively 
hyperbolic) element onto elliptic (respectively parabolic, respectively hyperbolic) map. 
We say that 9 is elliptic if each element of im9 is elliptic. 

The morphism 9 is parabolic (respectively hyperbolic) if each element of infinite order 
of im9 is parabolic (respectively hyperbolic). 

2.4. Tlie central involution of SL(2,Z) and its image into Bir(p2). The element 5^ G 
SL(2,Z) is an involution; therefore its image by any embedding 9: SL(2,Z) Bir(P^) is 
a birational involution. As it was proved by Bertini, we have the following classification: 

Theorem 2.7 ([Ber]). An element of order 2 of the Cremona group is up to conjugacy one 
of the following 

• an automorphism ofF'^; 

• a de Jonquieres involution idj of degree V > 2; 

• a Bertini involution Xb; 

• a Geiser involution Iq. 

Bayle and Beauville showed that the conjugacy classes of involutions in Bir(P^) are deter- 
mined by the birational type of the curves of fixed points of positive genus ([BaBe]). More 
precisely the set of conjugacy classes is parametrised by a disconnected algebraic variety 
whose connected components are respectively 

• the moduli spaces of hyperelliptic curves of genus g (de Jonquieres involutions); 

• the moduli space of canonical curves of genus 3 (Geiser involutions); 

• the moduli space of canonical curves of genus 4 with vanishing theta character- 
istic, isomorphic to a non singular intersection of a cubic surface and a quadratic 
cone in P-'(C) (Bertini involutions). 

The image of can neither be a Geiser involution, nor a Bertini involution; more 
precisely, we have the following: 

Lemma 2.8. Let 9 be an embedding o/SL(2, Z) into the Cremona group. Up to birational 
conjugation, one of the following holds. 

• The involution 9(5^) is an automorphism ofF^; 

• the map Q{S^) is a de Jonquieres involution of degree 2> fixing (pointwise) an el- 
liptic curve. 

Remark 2.9. The first case is satisfied by the examples of §3.1, §3.2, and §3.3. The second 
case is also possible, for any elliptic curve (see §4). 

Proof. Since S~ commutes with SL(2,Z) the group G = 9(SL(2,Z)) is contained in the 
centraliser of the involution S^. If 9(5^) is a Bertini or Geiser involution, the centraliser 
of 9(5^) is finite ([BPV2], Corollary 2.3.6); as a consequence 9(5'^) is a de Jonquieres 
involution. 

Assume that 9(5''') is not linearisable; then 9(5''') fixes (pointwise) a unique irreducible 
curve r of genus > 1 . The group G preserves F and the action of G on F gives the exact 
sequence 

1 ^ G' ^ G ^ H ^ 1 
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where H is a subgroup of Aut(r), G' contains 9(5'^) and fixes F. Since the genus of F is 
positive H cannot be equal to G/(9(5^)), free product of Z/2Z and Z/3Z. This implies 
that the normal subgroup G' of G strictly contains (9(5'^)) and thus that it is infinite and 
not abelian. In particular the group of birational maps fixing (pointwise) F is infinite, and 
not abelian, thus F is of genus 1 (see [BPVl], Theorem 1.5). □ □ 

3. EMBEDDINGS PRESERVING THE TYPE AND ELLIPTIC, PARABOLIC EMBEDDINGS 

3.1. Embeddings preserving the type. Henceforth we will often denote by (/i {x,y,z) : 
f2{x,y,z) : f3ix,y,z)) the map 

{x:y:z) {fi{x,y,z) : f2{x,y,z) : f3{x,y,z)) 

and by {p{x,y),q{x,y)) the birational map 

of C^. 

Let us begin this section by a property satisfied by all embeddings of SL (2 , Z) ^> Bir(P^ ) 
that preserve the type. 

Lemma 3.1. Let 9: SL(2,Z) — s> Bir(P^) be an embedding that preserves the type. Ei- 
ther for all parabolic matrices M, 9(M) preserves a unique rational fibration, or for all 
parabolic matrices M, 9(M) preserves a unique elliptic fibration. 

Proof. Let us recall that a parabolic element of SL(2,Z) is up to conjugacy one of the 
following 

-1 a 



r+ = 



1 a 
1 







-1 



fl e z. 



For any a 7^ 0, the image 9(r„+) of preserves a unique fibration on P^. Denote by 
the fibration preserved by T^, given by F : P^ --^ P'. For any a 0, and commute 
with so the 9(r„+)'s and the 9(r„^ )'s preserve the fibration f and is the only fibration 
invariant by these elements. 

Let M be a parabolic matrix. On the one hand M is conjugate to or T^y for some a via 
a matrix Nm and on the other hand parabolic maps preserve a unique fibration; thus 9(M) 
preserves the fibration given by FQ{Nm)~^- In particular if F defines a rational (respec- 
tively elliptic) fibration, then FQ{Nm)^^ defines a rational (respectively elliptic) one. □ 

□ 



The standard embedding 9.v. The classical embedding 



9, : SL(2,: 



■Bir(p2), 



a b 
c d 



preserves the type (see for example [Lin, Theorem 7. 1]). 

For any M e SL(2,Z), if M is elliptic, Qs{M) is, up to conjugacy, one of the following 
birational maps of finite order 



1 1 

x' y 



y,— 

xy 



y,- 

X 



-,x 

y . 



-,xy 

X 



If M is parabolic, Qs{M") is, up to conjugacy, {xy"",y), or {y"" /x,l/y) with a in Z so 
Qs{M) is parabolic. If M is hyperbolic, M has two real eigenvalues /j and /j^' such that 
< 1 < Ia*! and A,(9,(M)) = |^| > 1 and 9,(M) is hyperbolic. 
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In [Fav, page 9], a construction of a morphism SL(2,Z) — !> Bir(P^) preserving the type 
was given, inspired from [CaLo] and [Gol]: the quotient of P' x P' by the involution 
{x,y) 1-^ ( V' y) ^ rational (singular) cubic surface C C P^, called Cayley cubic surface. 
Explicitly, we can assume (by a good choice of coordinates) that 

C = {{W -.X -.Y -.Z) eP^ \ XYZ + WYZ + WXZ + WXY = 0} 

and that the quotient is given by 

P' X P' ^ C, 

{x,y)^({x-\){x~y){\+y)-.{y~\){y~x){\+x)-.{xy+\){x+\){y+\)-.{x-\){y-\){xy+\)). 
The involution {x^y) i-> ( 7 , - ) being the center of 9, (SL(2, Z)), the quotient provides 



a morphism 9j : SL(2,Z) — ;> Bir(C) ~ Bir(P') whose kernel is generated by S^. The mor- 
phism preserves the type, but is not an embedding. It is also possible to deform the con- 
struction in order to have similar actions on other cubic surfaces {see [CaLo]). 

One first twisting ofQ^. We can "twist" the standard embedding 9^ in the following way. 

Let 9_ (5) = 9,(5) = (y, ^) and 9_ {R) = (xy, -y) ^ Q,{R) = {xy,y). The map 9_ {RS) = 
B-{R)B-{S) = has order 3. Since d-{R) commutes with B-{S^), the relations 

of SL(2,Z) are satisfied and 9_ is a morphism from SL(2,Z) into Bir(P^). 

Proposition 3.2. The map 9_ : SL(2,Z) — > Bir(P^) is an embedding that preserves the 
type. 

The groups 9.s (SL(2,Z)) and 9_(SL(2,Z)) are not conjugate in the Cremona group. 

Proof. For each M e SL(2, Z), one has 9_ (M) = ttM o Bs{M) where = (±x, ±y), and 
in particular 9_(M) and 9.s(M) have the same degree. This observation implies that 9_ is 
an embedding, and that it preserves the type, since 9, does. 

We now prove the second assertion. Suppose, for contradiction, that 9i(SL(2,Z)) is 
conjugate to 9_(SL(2,Z)); then Qs{R) ~ {xy,y) is conjugate to some parabolic element 
of 9_(SL(2,Z)), which has no root in the group. This implies that 9j(/?) = (xy,y) or its 

inverse is conjugate to 9_(/?) = [xy, ~y) or Q^{RS^) = i^^T^jj in Bir(P^). 

All these elements are parabolic elements of the Cremona group, each of them preserves 
a unique rational fibration, which is {x,y) 1-^ y. Since Qs{R) preserves any fibre and both 
Q-{R), Q-{RS^) permute the fibres, neither 9,(7?) nor 9,(7?"') is conjugate to Q-{R) or 
9_(/?52) inBir(p2). □ □ 

The map 9_ yields a "new" embedding of SL(2,Z) preserving the type. However, this 
map is not very far from the first one, and remains in (C*,C*) x SL(2,Z). We construct 
now new ones, more interesting. Conjugating the elements 9,(5) = (y, j) and 9,(/?) — 

{xy,y) by the birational map ^fq:}, ^) , we get respectively {y, ~x) and ^^^jj^ • 
More generally, we choose any £ G C*, and set 

Q^{S) = {y-x), Q^^R)=(-l±^^^y 



e + xy 



The map 9e(/?) commutes with 9e(5^) = (— x, —y), and 

'y - Ex 
^e-xy' 



Qe{RS)= [ ^-^,-£.x 
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is of order 3, so 9e gives an homomorphism from SL(2,Z) to Bir(P^). The map 9i being 
conjugate to the standard embedding, we can view this family as a deformation of the 
standard embedding. We prove now some technical results to show that the family consists 
of embedding preserving the type when e is a positive real number 

Lemma 3.3. We view these maps on P' x P', via the embedding (x,y) i— > ((x : 1), [y : 1)). 



(j) Writing R 



1 1 
1 



,R2 



1 
1 1 



, both maps 



e.(7^0 = f-^,ey) and m2)={-'-^~ 

\Z + xy J ' \Z e + xy 

have exactly two base-points both belonging to P' x P' (no infinitely near point), and 
being pi = (e,-l) and p2 = (-£,1) (or ((e : 1),(-1 : 1)) and ((-£ : 1),(1 : 1))). 
(a) Both maps 

^.{Ry)-^ = (^-^^A and 9.(7^2)-' = fsx,^^ 

have exactly two base-points, being q\ ~ (l,e) and q2 = (^1, ^e)- 

(///) Ife is a positive real number and M = Rii, . . .Ri^,for i'l , . . . ,4 G {1,2}, the following 
hold: 

• the points q\ andq2 are not base-points of Be{M), andB£{M){{qi,q2})n{p\,p2} ~ 0- 

• the points pi and p2 are not base-points o/9e(M^'), and 9e(M^')({/?i,P2}) H 
{?1,?2} = 0- 

Proof. Parts (;) and (//) follow from an easy calculation, it remains to prove (//;). 

Let t/+ C C P' X pi (resp. f/_ c C P' x P') be the subset of points (x,y) 
with X, y G R, xy > (resp. xy < 0). When e is a positive real number, {pi,p2} C U- 
and {qi,q2} C U+, which implies that 9E(^i) (resp. Qe{R^^)) is defined at any point of U+ 
(resp. of t/_), since U+nU- = 0. 

Moreover, the explicit form of the four maps given in (/), (//) shows that 9e (/?, )([/+) C U+ 
and 9e {RJ' ^){U-) C f/_ for / = 1 , 2. This yields the result. □ □ 

Recall that Pic(P^ x P') = Z/i ©Z/2, where /,■ is the fibre of the projection on the i- 
th factor In particular, any curve on P' x P^ has a bidegree {d\,d2) and any element 
of Bir(P' X P') has a quadridegree, which is given by the two bidegrees of the pull-backs 
of /i and /t, or equivalently by the two bidegrees of the polynomials which define the map. 

Remark that the dynamical degree of a birational map (p of pi X pi is uniquely deter- 
mined by the sequence of quadridegrees of 9". 

Proposition 3.4. Ife is a positive real number, the following hold: 
a b 

(;) For any M = d ^ SL(2,Z), the maps 9e(M) and 9j(M) have the same 

quadridegree as birational maps o/P' x P', which is (|fl|, \b\^ |c|, \d\). 

[a) The homomorphism 9g is an embedding o/SL(2,Z) into the Cremona group that 
preserves the type. 

Proof. Observe first that (;) implies that the kernel of 9£ is trivial (since 9e(5'^) — (— x, —y) 
is not trivial) so that 9£ is an embedding, and also implies that the dynamical degree 
of 9e(M) and 9.v(M) are the same for any M. This shows that (;) implies (n). 

We now prove assertion (/). Since 9^(5') = (y, j) and 9e(5') = (y, ~x) are automor- 
phisms of P' x P' having the same action on Pic(P' x P'), 9e(M) and 9i(M) have the 
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same quadridegree if and only if Qe{MS) and 9.s(M5') have the same quadridegree. The 
same holds when we multiply on the left: 0e (M) and 9., (M) have the same quadridegree if 
and only if Q^ISM) and 0j(5M) have the same quadridegree. 

Recall that SL(2,Z) has the presentation {R,RS\S^ = (RS)^ = l,S^{RS) = {RS)S^). 
It suffices thus to prove that 9£(M) and Qs{M) have the same quadridegree when M = 
(RS)''' ...S{RSy^S{RSy'S, for some ii,...Jk G {±1}- For any index ij equal to 1, we 
replace the S immediately after by 5^' (since commutes with all matrices), and obtain 



now a product of non-negative powers of {RS)S 
and R2 = {RS)^S, and have 

' 1 1 
1 



R and (RSyS. We wiU write Ri = R 



R) 



R2 



It is thus sufficient to prove the following assertion: 



. , for some i 1 , . . . , 4 G {1,2}, 

then a,b,c,d > 0, and Qs{M), d^{M) have both quadridegree {a,b,c,d). 

We proceed now by induction on k. For ^ = 1, Assertion (:*r) can be directly checked: 
Both d,{Ri) = {xy,y) and dE{Ri) = (|q!§,ey) have quadridegree (1,1,0,1). Both 



QsiRi) = {x,xy) and Q^{R2) = ( f , ) have quadridegree (1,0, 1, 1) 



Now, assume that (*) is true forM = 



b 
d 



, and let us prove it foiRiM - 



a + c 
c 



b + d 



and R2M = 



a 

a + c 



b 

b + d 



By induction hypothesis one has 



d,{M) {{xi:x2),iyi:y2)) ((A : ^^2), (^3 : A)), 

where Pi, P2, P3, P4 £ C[xi,.x:2,yi,y2] are bihomogeneous polynomials, of bidegree {a, I 

(a,b), {c,d), {c,d). 



We have thus 

Qe{Rl)QE{M)=d^{RiM) = 
{{xi ■.X2),{yi ■.y2)) 

0e(/?2)ee(M) = 0e(7?2M) = 
{{xi ■X2),{yi ■.y2)) 



{{PiP4 + eP2P3 : eP2A +P1P3), (£^3 : A)), 



^ ((Pi : £P2), (e(PiP4 + eP2P3) : eP2P4 + ^^'3))- 

To prove (*) for RiM and R2M, it suffices to show that the polynomials P1P4 +eP2P3 
and eP2P4 +P1P3 have no common component. Suppose the converse for contradiction, 
and denote by h G C[xi,X2,yi ,y2] the common component. The polynomial h corresponds 
to a curve of P' x P' that is contracted by 9£(M) onto a base-point of 9£(Pi) or 9£(P2), i-e. 
onto pi = (e, — 1) or p2 = (— e, 1) (Lemma 3.3). But this condition means that (9e(M))^' 
has a base-point at pi or p2- We proved in Lemma 3.3 that this is impossible when e is a 
positive real number □ □ 

We now show that this construction yields infinitely many conjugacy classes of embed- 
dings of SL(2, Z) into the Cremona group that preserve the type. 

Proposition 3.5. If e and £,' are two real positive numbers with ee' 7^ 1, the two groups 
9£(SL(2,Z)) and 9£'(SL(2,Z)) are not conjugate in the Cremona group. 

The standard embedding 9^ is conjugate to 9i, but 9_(SL(2,Z)) is not conjugate to 
0e(SL(2, Ij)) for any positive e g R. 
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Proof. The proof is similar to the one of Proposition 3.2. Assume, for contradiction, 
that eE(SL(2,Z)) is conjugate to e£/(SL(2,Z)); then Q^{R) = [j^,,£y^ is conjugate to 
some parabolic element of 9£/(SL(2,Z)), which has no root in the group. This implies 
that0e(/?) = (|^,ey^ or its inverse is conjugate to %i{R) = (^p^.,£'y) ot lo Bf,/ {RS^) 

'TT^,-E'y) inBir(p2). 



These elements are parabolic elements of the Cremona group, each of them preserves a 
unique rational fibration, which is {x,y) t-^ y. The action on the basis being different up to 
conjugacy (since ee' ±1), neither Qe{R) nor its inverse is conjugate to Gg' (R) or Q^i (RS^) 
in Bir(p2). 

It remains to show that 9_(SL(2,Z)) is not conjugate to 9£(SL(2,Z)) for any positive 
e e R. Every parabolic element of 9_(SL(2,Z)) without root is conjugate to Q-{R) = 
(xy, —y), Q^{RS^) = — or their inverses, and acts thus non-trivially on the basis of 
the unique fibration preserved, with an action of order 2. We get the result by observing 
that 9e(SL(2,Z)) contains 9e(7?) — I ii^jey) , which is parabolic, without root and acting 



on the basis with an action which has not order 2. 



□ 



□ 



Note that in all our examples of embeddings preserving the type, the parabolic elements 
have a linear degree growth. One can then ask the following question (which could yield a 
positive answer to Question 1.1). 

Question 3.6. Does there exist an embedding of SL(2,Z) into Bir(P^) that preserves the 
type and such that the degree growth of parabolic elements is quadratic? 

3.2. Elliptic embeddings. The simplest elliptic embedding is given by 

b 



9,: SL(2,Z) ^Bir(P^), 



a 

c d 



I— > (ax + by : cx + dy : z) 



be a char- 



We now generalise this embedding. Choose « G N and let % : SL(2,Z) - 

acter such that X ^ ^ ^ 7^ (—1)". For simplicity, we choosey such that x(^5) = 1, 

and such that x(5) is equal to 1 if « is odd and to i if n is even. Then we define 9„ : SL(2, Z) — s> 
Bir(p2) by 



M = 



a b 
c d 



ax + b x{M)y 



^cx + d' {cx + d)'\ 

The action on the first component and the fact that 9„(5'^) ^ 1 imply that 9„ is an 
embedding. The degree of all elements being bounded, the embeddings are elliptic. 

Proposition 3.7. For any n e N, the group 9„(SL(2,Z)) is conjugate to a subgroup o/Aut(F„), 
where F„ is the n-th Hirzebruch surface. 

The groups 9,„(SL(2,Z)) and 9„(SL(2,Z)) are conjugate in the Cremona group if and 
only ifm = n. 



into 1 



Proof. If n = 0, the embedding H> ((x : 1), (y : 1)) of 
tes 9o(SL(2,Z)) to a subgroup of Aut(Fo). 

For n > 1 , recall that the weighted projective space P( 1 , 1 , n) is equal to 



= Fo conjuga- 



(1, i,«) = {(xi,x2,z) e C^{0} I (xi,x2,z) - {^ixu^iX2,^fz), a* e c*} . 
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The surface P(l,l,l) is equal to P^, and the surfaces P(l,l,n) for n > 2 have one 
singular point, which is (0:0: 1). 

For any n > 1, the embedding {x,y) i-^ {x:y: 1) of intoP(l, l,n) conjugates 9„(SL(2,Z)) 
to a subgroup of Aut(P(l, l,n)) that fixes the point (0:0: 1). The blow-up of this fixed 
point gives the Hirzebruch surface F„, and conjugates thus 9„(SL(2,Z)) to a subgroup 
of Aut(F„). 

In all cases n > 0, the group preserves the fibration F„ — ^ P' corresponding to {x,y) n> x. 
The action on the basis of the fibration corresponds to the standard homomorphism SL(2, Z) — >■ 
PSL(2,Z) C PGL(2,C) = Aut(pi). This action has no orbit of finite size on P'. In par- 
ticular, there is no orbit of finite size on F„. This shows that the subgroup of Aut(F„) 
corresponding to 9„(SL(2,Z)) is birationally rigid for n ^ 1, i.e. that it is not conju- 
gate to any group of automorphisms of any other smooth projective surface. This shows 
that 9„, (SL(2, Z)) and 9„ (SL(2, Z)) are conjugate in the Cremona group only when m = n. 

□ □ 

3.3. Parabolic embeddings. Recall that the morphism 9o defined in §3.2 can also be 



viewed as follow: M = 



a b 
c d 



^!^,X(M)y); it preserves the fibration {x,y) ^ . 



Remembering that x{S) = i and x{RS) = 1 we have 



9o(5) = ( --,iy ] and Bo{RS) = ( ^,y 



X 



We will "twist" 9o in order to construct parabolic embeddings. Recall that SL(2,Z) 



acts via 9o on the projective line; the element 



a b 



acts as X ^#7. The group is 



countable so a very general point of the line has no isotropy. Let P G C(x) be a rational 
function with m simple poles and m simple zeroes, where m > 0, and such that the 2m 
corresponding points of C are all on different orbits under the action of SL(2, Z) and have 
no isotropy. We denote by (p/> = {x^y ■ P{x)) the associated birational map; it preserves the 
fibration and commutes with 90(5^) = (x, —y). 
We choose 

9p(5) = 9o(5) = and 9/.(/?5) = cpf o9o(«5) o cp^', 

therefore 

9.(5) and 9.(/^5)=(^-l,,.ffl^l). 

The maps (p/> and 9.(5^) commute so Qp{RS) and Qp{S^) commute too. Then, by 
definition of Qp{S) and Qp{RS) there is a unique morphism Qp : SL(2, Z) — s> Bir(C^). 

Proposition 3.8. The morphism Bp is a parabolic embedding for any P G C(x). 

Proof. The action on the basis of the fibration and the fact that Qp{S^) ^ id imply that 9/> is 
an embedding. It remains to show that any element of infinite order is sent onto a parabolic 
element. 

Writing a = dp{RS) and p = Qp{S), it suffices to show that h or /ip^ is parabolic, where 
/j = Pa'"p...a'2pa'i, n>l and u,...,/,, e {-1,1}. 
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We view our maps acting on P x P . The fibration given by the projection on the first 
factor is preserved by h, which is thus either parabolic or elUptic. The first possibility 
occurs if the sequence of number of base-points of /i^ grows linearly and the second if the 
sequence is bounded. 

Let p G C be a pole or a zero of P. Let Fo C X pi be the fibre of : 1 ) and let E C 
P' X P' be the (countable) union of fibres of points that belong to the orbit of (p : 1) under 
the action of SL(2,Z). 

Recall that Bo{RS) is an automorphism of P^ x P^ Set Fi ^ Bo{RS){Fo) and F2 
Qo{RS){Fi); remark that Fq = Qo(RS){F2). Then (p/> and its inverse contract Fq on a point 
of Fq but send isomorphically Fi and F2 onto themselves. The map a is the conjugate 
of Q(){RS) by cpp, so it contracts Fq and F2 on points lying respectively on Fi and Fq, 
but sends isomorphically Fi onto F2 and doesn't contract any other fibre contained in E. 
Similarly a^' contracts Fq and Fi on points lying on F2 and Fq and neither contracts F2 nor 
any other fibre of E. 

Each fibre is preserved by p^, but P and send Fq, Fi, F2 onto three other fibres 
contained in E. Then a* ' p and ' p^^ send isomorphically Fq onto a fibre contained in E \ 
{Fi}. By induction on n, we obtain that for any A: < 0, h'^ and (/ip^)'^ send isomorphically Fq 
onto a curve in E \ {Fj}. 

Then we note that a and ' contract Fq on a point contained in one of the Fj, point 
sent by p onto an other point not contained in the Fj's. So, by induction on n, for any A: > 
both h'' and {h^^Y contract Fq on a point not contained in the Fi's and for which the fibre 
belongs to E. 

For each integer A: > 0, the fibre Fq is contracted by /j^ and by (/ip^)* = /2'^(P^^) on a 
point of E. Moreover, for each integer k <0, Fo is sent isomorphically by h'^ onto a fibre 
contained in E. Set F^ = h^'{Fo) for all ; > 0; we obtain that and (/ip^)*^ contract Fo 
and Fj', ■ ■ ■ ,F[ for each integer A: > 0. This means that the number of base-points of h'' 
and (/jP')* is at least equal to k. As li and h^^ preserve the fibration, they are parabolic. 

□ □ 



Proposition 3.9. When P varies, we obtain infinitely many parabolic embeddings. 

Proof. Let P,Q e C(x), and suppose that e/>(SL(2,Z)) is conjugate to ee(SL(2,Z)) by 
some birational map (p of P' x P^ Then (p preserves the fibration {x,y) n- x, which is the 
unique fibration preserved by the two groups. Its action on the basis of the fibration is an 
element \|/ G PGL(2, C) that normalises PSL(2, Z) C PSL(2, C) = PGL(2, C). This means 
that \\t G PSL(2,Z). Replacing cp by its product with an element of 9g(SL(2,Z)), we can 
thus assume that (p acts trivially on the basis. 

This means that (p is equal to (^x, "[^jy^^l^j ^ for some a,b,c,d G C(x), ad — be 0. 
Since (p conjugates Qp{S) = Qq{S) = {—^,iy) to itself or its inverse, the map (p is equal 
to {x,a{x)y^^) where a G C{x), a{—^) = ±fl(x). 

The map cp conjugates Qp{RS) = ^^7^) to Qq{RS) = [pr.y^^^ or 

XoQq{RS^)^ (^'"^■^lir) in Bir(IP' X IP')- Assume that 



(p = {x,a{x)y) 



where a G C(x), a{ — ) = a{x); 
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then (i?Qp{RS)(p-^ 
if and only if 



Thus (pe/.(/?5)(p-' = ee(/?5),resp. ee(7;53) 



resp. 



a(x) 



Q(x)P{ 



since fl(.x:) is invariant under the homography x >->—-, the same holds for -^-tt^t-ttt ■ This 
implies, in both cases, the following condition on P and Q 

P{x)P{\+x) _ Q{x)Q{\+x) 



H~\)P{'^) G(-^)G(-^)- 

We get the same formula when (p is equal to {x,a{x)y^^ ) where a £ C(x), «(— ^) = — fl(jc). 
When P varies, we thus obtain infinitely many parabolic embeddings. □ □ 

3.4. Hyperbolic embeddings. In this section, we "twist" the standard elliptic embedding 
9e defined in §3.2 to get many hyperbolic embeddings of SL(2,Z) into Bir(P^). Recall 
that Qe is given by 



e«: SL(2,Z) ^Bir(l 



a b 
c d 



M> {ax + by: cx + dy: 



The group 9g(SL(2,Z)) preserves the line L- of equations = 0, and acts on it via the natural 
maps SL(2,Z) ^ PSL(2,Z) C PSL(2,C) = Aut(L-). 

We choose /j G C* such that the point /:> = (/j : 1 : 0) e L- has a trivial isotropy group 
under the action of PSL(2,Z), fix an even integer k > Q, and then define a morphism 
9^ : SL(2, Z) Bir(p2) by the following way: 



9^(5) = Qe{S)^{y:-x:z) 

where \|/ is the conjugation of = (x^ : yx'^^ ^ '■ zx^^ ' ) by (x + /jy : y : z) . 

Note that \|/' restricts to an automorphism of the affine plane where x ^ 0, commutes 
with9e(5'^) — {x:y: —z) and acts trivially on L-. Since \|/ commutes with 9f. (5'^) =9a:(5'^), 
the element %k{RS) commutes with 9a:(5'^), and 9a: is thus a well-defined morphism. The 
fact that \|/ preserves L- and acts trivially on it implies that the action of 9(. and 9/t on are 
the same, so 9jt is an embedding. 

Lemma 3.10. Let m he a positive integer, and let ai, . . . ,a,n,bi^ . . . ,b„i £ {±1}- The bira- 
tional map 

Qk{s^'"{Rsy"----s'''{Rsy') 

has degree A;^" and exactly 2m proper base-points, all lying on L,, which are 
p,{{RSr)-'{p),{S''{RSr)-'{p),{{RSr^S''{RSy")-'{p), 

{{Rsy'" ■ ■ ■ {Rsy^y^ip), (5^-" (Rsy'" • • • 5^1 (Rsyy^ip), 

where the action ofR,RS G SL(2,Z) on L~ is here the action via 9^ or Qk. 

Proof. The birational map \\t has degree k and has an unique proper base-point which is 
p = {/A : 1 :Q) E L-; the same is true for \(/^'. Moreover both maps fix any other point of 
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Since 9e(7?5')"' is an automorphism of that moves the point p onto an other point 
of L;, the map Qk{{RS)"^) = X|/9e(/?5')"'x|/^' has degree and exactly two proper base- 
points, which are p and \\fQe{RS)^"^ (p) = {(RS)"^)^^ {p). The map QkiS) being an auto- 
morphism of P^, QkiS^' {RSy^ ) has also degree and two proper base-points, which are 
p and (/?). This gives the result for m= 1. 

Proceeding by induction for m > 1, we assume that 9^ (5*"' {RSY"' •■•5^2 {RSY"- ) has 
degree k^"'^^ and exactly 2m — 2 proper base-points, all lying on L-, which are 

p, iiRSr^)-\p), (5^2 (RSY'2)-^ip),. . . , {S""' {Rsy- ■■■8"^ {RSY'^rHp). 

The map Qi,{S''' {RS)"^)-^ = Qk{{RS)-"')Qk{S-''') has degree k^ and two proper base- 
points, which are and S''^ {RS)"^ {p). These two points being distinct from the 
2m - 2 points above, the map Qi,{S'''"{RSY''" • • - 5^' {RSY'' ) has degree k^ ■ k^'"-- = k-"\ 
and its proper base-points are the 2 proper base-points of Qk{S^^ {RSY'^ ) and the image 
by of the base-points of dk{S'''"iRS)"'" ■■■S'^HRSY'-)- This gives the re- 
sult. □ □ 

As a corollary, we get infinitely many hyperbolic embeddings of SL(2,Z) into the Cre- 
mona group. 

Corollary 3.11. Let m be a positive integer, and let ai,. . . ,a,n,b\, . . . ,bm £ {il}- The 
bimtional map 

Qk{S'''"{RS)""' ■■■S''^{RSY') 

has dynamical degree k^'". 

In particular, the map 9jt is an hyperbolic embedding and the set of all dynamical de- 
grees of Bk{SL{2,Z)) is 

Proof Any element of infinite order of SL(2, Z) is conjugate to ^ = S''"' {RSY'"' ■■■S''' {RS)"^ 
for some ai, . . . ,a„,,bi, . . . , b,,, G { ± 1 } . Lemma 3.10 implies that the degree of {g"^) is 
equal to k^'"''. The dynamical degree of Qkig) is therefore equal to k^"\ □ □ 

4. Description of hyperbolic embeddings for which the central element 

FIXES (POINTWISE) AN ELLIPTIC CURVE 

4. 1 . Outline of the construction and notation. In this section, we give a general way of 
constructing embeddings of SL(2, Z) into the Cremona group where the central involution 
fixes pointwise an elliptic curve. Recall that all conjugacy classes of elements of order 4 or 
6 in Bir(P^) have been classified (see [Bla3]). Many of them can act on del Pezzo surfaces 
of degree 1, 2, 3 or 4. 

In order to create our embedding, we will define del Pezzo surfaces X, Y of degree < 4, 
and automorphisms a e Aut(X), p G Aut(}') of order respectively 6 and 4, so that 
and fix pointwise an elliptic curve, and that Pic(X)", Pic(y)P have both rank 1. Note 
that we say that a curve is fixed by a birational map if it is pointwise fixed, and say that 
it is invariant or preserved if the map induces a birational action (trivial or not) on the 
curve. Contracting (— l)-curves invariant by these involutions (but not by a, p, which act 
minimally on X and Y), we obtain birational morphisms X — s- X4 and Y Y4, where X4, Y4 
are del Pezzo surfaces on which and P^ act minimally. Lemma 4. 1 below shows that X4 
and Y4 are del Pezzo surfaces of degree 4 and both Pic(X4)" and Pic(y4)P' have rank 2 
and are generated by the fibres of two conic bundles on X4 and Y4. Choosing a birational 
map X4 - -> Y4 conjugating a^^ to P^ (which exists if and only if the elliptic curves are 
isomorphic), which is general enough, we should obtain an embedding of SL(2,Z) such 
that any element of infinite order is hyperbolic. 
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In order to prove that there is no more relation in the group generated by a and p 
and that all elements of infinite order are hyperbolic, we describe the morphisms X — > X4 
and Y and the action of a and P on Pic(X)" and Pic(y)P (which are generated by 
the fibres of the two conic bundles on X4, and Y4 and by the exceptional curves obtained 
by blowing-up points on the elliptic curves fixed), and then observe that the composition 
of the elements does what is expected. 

4.2. Technical results on automorphisms of del Pezzo surfaces of degree 4. Recall 
some classical facts about del Pezzo surfaces, that the reader can find in [Dem] (see also 
[Man]). A del Pezzo surface is a smooth projective surface Z such that the anti-canonical 
divisor —Kz is ample. These are P' x P', or P^ blown-up at 1 < r < 8 points in general 
position (no 3 collinear, no 6 on the same conic, no 8 on the same cubic singular at one of 
the 8 points). The degree of a del Pezzo surface Z is [KzY, which is 8 for P' x P\ 9 for 
P^ and 9 — r for the blow-up of P^ at r points. 

Any del Pezzo surface Z contains a finite number of (—1) -curves (smooth curves iso- 
morphic to P' and of self-intersection —1), each of these can be contracted to obtain an- 
other del Pezzo surface of degree {Kzf + \. These are moreover the only irreducible curves 
of Z of negative self-intersection. If Z is not P^, there is a finite number of conic bundles 
Z — >■ P' (up to automorphism of P'), and each of them has exactly 8 — {Kz)^ singular fibres. 
This latter fact can be find by contracting one component in each singular fibre, which is 
the union of two (— l)-curves, obtaining a line bundle on a del Pezzo surface, isomorphic 
to P' X P' or Fi and having degree 8. 

Lemma 4.1. Let Z be a del Pezzo surface, and let o G Aut(Z) be an involution that fixes 
(pointwise) an elliptic curve. Denote by r\ : Z — > Z4 any < a >-invariant birational mor- 
phism such that the action on Z4 is minimal. 

Then, Z4 is a del Pezzo surface of degree A, a«c/Pic(Z4)° = Z/i (Blifi, where /i ,/2 cor- 
respond to the fibres of the two conic bundles Ki, 7t2 : Z4 — > P' {defined up to automorphism 
o/P' ) that are invariant by a. Moreover 

fi+f2 = -Kz„ /1-/2-2 and Pic{Zf = Z^*{fl)(BZ^*{f2)®ZE,®■■■(BZEr 

where E\,. . . ,E,- are the r irreducible curves contracted by r| [in particular, r| only con- 
tracts invariant {~\)-curves). 

Proof. Since Z is a del Pezzo surface, Z4 is also a del Pezzo surface. As o acts minimally on 
Z4 and fixes an elliptic curve, we have the following situation ([BaBe, Theorem 1.4]): there 
exists a conic bundle Z4 — !■ P' such that TtiO = 7ti, o induces a non-trivial involution on 
each smooth fibre of Jti, and exchanges the two components of each singular fibre, which 
meet at one point. The restriction of Jti to the elliptic curve is a double covering ramified 
over 4 points, which implies that there are four singular fibres. The surface Z4 is thus the 
blow-up of four points on Fi or P' x P', and has therefore degree 4. The fact that there are 
exactly two conic bundles ii\,%2'- Z4 P^ invariant by a, that Pic(Z4)'^ is generated by the 
two fibres, that /i + /2 = ^Kz^ and that /i • /2 = 2 can be checked in [Bla2, Lemma 9.11]. 

It remains to observe that all points blown-up by r| are fixed by a. If r| blows-up an 
orbit of at least two points of Z4 invariant by o, the points would be on the same fibre 
of n\. The transform of this fibre on Z would then contain a curve isomorphic to P' and 
having self-intersection < —2; this is impossible on a del Pezzo surface. □ □ 

Lemma 4.2. For / = 1,2, let Xj be a projective smooth surface, with K^. = 4, and let a/ G 
Aut{Xi) be an involution which fixes an elliptic curve F; C Xi. Let 7t,- : Xi -^P^ be a conic 
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bundle such that 7t,a; = Tii and let Fi,Gi C Xi be two sections of Tit of self-intersection —1, 
intersecting transversally into one point. 

Then, X\, Xi are del Pezzo surfaces of degree 4 and the following assertions are equi- 
valent: 

(1) There exists an isomorphism (p: — >■ X2 which conjugates (3\ to O2, which sends 
Fi,G\ onto F2 and G2 respectively and such that 7t2(p ~ T^i ; 

(2) The points o/P' whose fibres by Tt; are singular are the same for i = 1,2, and 
7Ii(FinGl) ==712(^2 nG2). 

Proof. For / = 1,2, we denote by r|, : X, — s> Fi the birational morphism that contracts, in 
each singular fibre of 7i,, the (—1 )-curve that does not intersect Fj. The curve r|, (fj) is equal 
to the exceptional section E of the line bundle 7t: Fi — > P', with n — Kiri^^ . Since r|,(G,) 
intersects E into exactly one point, it is a section of self-intersection 3. In particular, the 
four points blown-upby r|, lie onr|, (G,). Contracting E onto a point of P^, r|, (G,) becomes 
a conic of passing through the five points blown-up by the birational morphism X, — > P^ ; 
this implies that no 3 are collinear and thus that Xj is a del Pezzo surface of degree 4. 

It is clear that the first assertion implies the second one. It remains to prove the converse. 
The second assertion implies that r|i(Gi) DE — r|2(G2) HE, and this yields the existence 
of an automorphism of Fi that sends r|i (Gi ) onto r|2(G2) and that preserves any fibre of 
K. We can thus assume that r| 1 (Gi ) = r|2 (G2), which implies that the four points blown-up 
by r| 1 and r|2 are the same. The isomorphism cp can be chosen as (p = rjj ' o r| 1 . The map 9 
conjugates ai to a2 because, for each a, is the unique involution that preserves any fibre 
of 71/ and exchanges the two components of each singular fibre {see for example [Bla2, 
Lemma 9.11]). □ □ 

4.3. Actions on the Picard groups of a and p. We now describe the actions of a and P 
onPic(X) and Pic(F). 

Proposition 4.3. LetX be a del Pezzo surface of degree (Kx)^ < 4, and let a G Aut(X) be 
an automorphism of order 6 such that Pic(X)" = Z/Tx and such that a? fixes pointwise an 
elliptic curve. Let r\x '- X ^ X4 be a birational morphism, so that a? acts minimally on X4, 
and let f\, f2 G Pic{X) be the divisors corresponding to the two conic bundles on X4 which 
are invariant by a? (see Lemma 4.1). Then, one of the following occurs: 
(i) {KxY = 3, r|x contracts a curve E\, and a, act on Pic(X)" as 



1 1 


-1 



and 




1 



-2 -1 



relatively to the basis (/i ,/2,/ii ) {up to an exchange 0//1 ,/2). 

(ii) (Kx)^ — 1, Tjx contracts Ei,E2,Ej„ and a, a? act on Pic(X)"^ 



1 
3 

-2 
-2 
-2 



3 
4 

-4 
-4 
-4 



1 
2 

-2 
-1 
-2 



1 
2 

-2 
-2 
-1 



1 
2 

-1 
-2 
-2 



and 



4 
3 

-4 
-4 
-4 



3 
1 

-2 
-2 
-2 



2 
1 

-2 
-2 
-1 



2 
1 

-1 
-2 
-2 



2 
1 

-2 
-1 
-2 



relatively to the basis (/i , /2 , £1 , £2 , £3 ) {up to a good choice ofE\ , £2 , £3 cind an exchange 
offufl). 

Proof. Let E <zX he. any (--l)-curve invariant by a-'. The divisor E + <x(E) + a^(E) is 
invariant by a and thus equivalent to sKx for some integer s. Computing the intersection 



18 



JEREMY BLANC AND JULIE DESERTI 



with /fx and the self-intersection, we obtain —3 = s{KxY and —2>+6{E-a{E)) — s~{KxY. 
This gives two possibihties: 

(0 {Kxf^3, s=-\, E-a{E) = \ 
(ii) {Kxf^l, E-a{E)=2 

In case {i), r\x is given by the choice of one (— l)-curve £1 invariant by a^. Since 
El ■ (x{Ei) — 1, the divisor Ei + a(£'i) corresponds to a conic bundle on X and X4. Up 
to renumbering, we can say that fi = Ei+ a{Ei ) and /2 = £1 + a? (£1 ). This means that 
a(£i ) = /i - £1 , a2 (£1 ) = /2 - £1 , a(/i ) = /i + /2 - 2£i and a(/2 ) = /i . 

In case (»), there are three curves £1, £2, £3 contracted by r|x- We first choose £1, and 
then choose £2 = Ib(oc(£i)) = —2Kx — cc(£i) (where is the Bertini involution of the 
surface). Since £2 does not intersect £1, we can contract £1, £2, and another curve £3 to 
obtain an a^-equivariant birational morphism X X^, where X^ is a del Pezzo surface of 
degree 4. This choice gives us two conic bundles f[,f2 on X|^, which we also see on X4, 
invariant by a^. We now compute a(£3). We have a(£3) -£3=2, 

a(£3) • £1 = £3 • a2 (£1 )=E3-{-3Kx-Ei- a(£i )) = £3 • {-Kx - £1 + £^) = 1 , 

a{E3)-E2 = E3-a^{E^)^E3-{-2Kx-Ei)=2. 

This implies that a(£3) = af[ + bfl^ — £1 — 2£2 — 2£3, for some integers a^b. Computing 
the intersection with —Kx we find 1 =2a + 2i>— 1— 2 — 2 = 2{a + b) — 5, which means that 
a + b = 3. Computing the self-intersection, we obtain that — 1 = 2ab — 1 — 4 — 4 = Aab — 9, 
so ab = 2. Up to an exchange of f[,fi, we can assume that a = l.b = 2, and obtain that 
a(£3 ) = /i' + 2/^ - £1 - 2£^ - 2£3 = -2Kx - {f[ - £1 ) . 

We now call £2 the (— l)-curve /[ —£2, which does not intersect £1 or £3. We take 
fi = f[ and /2 = /[' +/2 — 2£2, so that /i,/2 are conic bundles, with intersection 2, and 
—Kx — fi + fo— El — E2 — E3. The contraction of £1 , £2 , £3 is a a^* -equivariant birational 
morphism X ^ X4 and fi , /2 correspond to the two conic bundles of X4 invariant by . 
With this choice, we can compute 

a(£i) =Ib(£^) =Ib(/i -£2) = -2Kx - (/i -£2), 

a^Ei) = -3Kx-a(Ei) -£i = -Kx - (/i -£2) -£i = ~2Kx - (fi^Ej), 
a(£3) = -2Kx - if'i - £1) = -2Kx - (/i - £1), 

a2(£3) = -3Kx-a{E3) -£3 = -Kx - (fi -Ei)-Ei = -2Kx - [fx -£2). 

This yields the equalities f\ = —2Kx +£1 — 0c(£3) and /2 — —2Kx +£3 — a^(£i), £2 — 
O? (£3 ) + 2Kx — fi , and a straightforward computation gives, with the four equations above, 
a'ifj) and a'(£2) for ==1,2. □ □ 

Proposition 4.4. Let Y be a del Pezzo surface of degree {Ky)"^ < 4, and let P G Aut(y) 
be an automorphism of order 4 such that Pic(y)P = ZAy and that fixes pointwise an 
elliptic curve. Let V\y- Y ^ Y4 be a birational morphism, so that acts minimally on Y4, 
and let fi, fi G Pic(y) be the divisors corresponding to the two conic bundles on Y4 that 
are invariant by (see Lemma 4.1). Then, one of the following occurs: 
(i) {Ky)^ = 2, r\Y contracts two curves Ei, £2 and P acts on Pic(F)'^ as 

12 1 1 " 
2 111 

-2 -2 -2 -I 
-2 -2 -I -2 
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relatively to the basis (/i ,/2,£'i ,£2)- 

(ii) {KyY = 1. TIf contracts E\, E2, £3, and p acts on Pic(y)P' as 



3 
4 

-3 
-3 
-3 



4 
3 

-3 
-3 
-3 



2 
2 

-3 
-2 
-2 



2 
2 

-2 
-3 
-2 



2 
2 

-2 
-2 
-3 



relatively to the basis (/i ,/2,£'i ,£'2,£3)- 

Remark 4.5. The second case, numerically possible, does not exist (see [Dols] or [Bla3]). 

Proof. Let £ C F be any ( — 1 )-curve invariant by p^. The divisor E + ^{E) is invariant by 
P and thus equivalent to sKy for some integer s. Computing the intersection with Ky and 



the self-intersection, we obtain 
two possibilities: 



-2 = s{KYy and -2 + 2(£-p(£)) ^s^iKyy. This gives 



(0 {Ky)^=2, s = -l, £.p(£)=2 
(//) {Kyf = l, s = -2, £.p(£) = 3 

In case (/), there are two curves £1, £2 contracted by r\y, and P(£,) = —Ky —Ej for 
/ = 1,2. Moreover //— £1 is also a (— l)-curve for / = 1,2, so P(/,) = p(£i) + p(/,- — £1) = 
-Ky -Ei-Ky- ifi - £1 ) = -2/:r - //. 

In case (ii), there are three curves £1 ,£2, £3 contracted by r[y, and p(£,) = —2Ky — £,■ 
for / = 1 , 2, 3. As before, we find p(/,) = -4Ky - /,■. □ □ 

4.4. Automorphisms of del Pezzo surfaces of order 6, resp. 4 - description of a and 
p. 



w 



Automorphisms of del Pezzo surfaces of order 6. We now give explicit possibilities for 
the automorphism a G Aut(X) of order 6. 
Case I 

X = {(w:jc:3;:z) gP(3,1,1,2) 

a((w : x:y : z)) = [w : x: —coy : z) 

for some general /j G C so that the surface is smooth and where CO = e^"^/^. The surface 
is a del Pezzo surface of degree 1, and a fixes pointwise the elliptic curve given by y = 0. 
When ^ varies, all possible elliptic curves are obtained. The rank of Pic(X)" is 1 {see 
[Dols, Corollary 6.11]). 

Case II 



X 



{( 



w:x:y:z) G - 



wx^ + - 



-y 



~^wyz : 



a((w : X : y : z)) = [w : -X : my : CO z), 

where /j G C is such that the cubic surface is smooth. The surface is a del Pezzo surface 
of degree 3, fixes pointwise the elliptic curve given by x = 0, and a acts on this via a 
translation of order 3. When /j varies, all possible elliptic curves are obtained. The rank of 
Pic(X)" is 1 [see [Dols, Page 79]). 

Case III 

X== |(w:x:3;:z) gP^ + x^ + y'^ + {x + iiy)z^ = 
a((w •.x:y:z)) = (cow : x : y : — z), 
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where /j G C is such that the cubic surface is smooth. The surface is a del Pezzo surface 
of degree 3, a^^ fixes pointwise the elliptic curve given by z = 0, and a acts on it via 
an automorphism of order 3 with 3 fixed points. When /j varies the birational class of 
a changes (because the isomorphism class of the curve fixed by a' changes) but not the 
isomorphism class of the elliptic curve fixed by a^. The rank of Pic(X)" is 1 {see [Dols, 
Page 79]). 

Automorphisms of del Pezzo surfaces of order 4. We now give explicit possibilities for 
the automorphism p e Aut(y) of order 4. 



Y^l (wixiyiz) eP(2, 1,1,1) 



-■Y\yz{y + z){y+^iz) = Q 

i=\ 



^{{w:x:y:z)) = (w:k:y :z), 

where /j G C\{0, 1 }. The surface is a del Pezzo surface of degree 2 and p fixes pointwise 
the elliptic curve given by x = 0. When /j varies, all possible elliptic curves are obtained. 
The rank of Pic(y)P is 1 {see [Dols, last line of page 67] or [Bla3]). 

There are other possibilities of automorphisms p of order 4 of rational surfaces Y such 
that p^ fixes an elliptic curve, but none for which the rank of Pic (7) P is 1 {see [Bla3]). 

4.5. The map Y^ that conjugates to p^. We now fix a G Aut(X), P G Aut(F), 

automorphisms of order 6 and 4 respectively, which act minimally on del Pezzo surfaces 
X and Y, so that a^^ and p^ fix (pointwise) elliptic curves Fx C X and Ty C Y, which are 
isomorphic (as abstract curves). 

We denote by r|x : — > -^^^4 and r|y : Y ^ Ya, two birational morphisms to del Pezzo 
surfaces of degree 4, so that and p^ act minimally on Xa and Ya respectively. We denote 
by /i, /2 e Pic(X4) C Pic(X), respectively by /(, f!^ G V\c{Ya) C Pic(7), the two divisors 
corresponding to the two conic bundles invariant by a^, respectively by P^. 

We will choose two points qi,q2^ ^x(^x) CXt, and denote by x; Z4 -^Xa the blow-up 
of these two points. 

Lemma 4.6. For sotne good choice of qi, q2, there exists a birationalmorphistnx' : Za^ Y4 
satisfying the following properties: 

(1) the morphism x' is the contraction of the strict transforms of the two irreducible 
curves equivalent to fi passing through q\ and q2 onto two points q[,q'2 G r|j'(rj'); 

(2) the map (p = t't^' conjugates to P^ {i.e. (pa^ = P^9); 

(3) neither qi nor q2 is blown-up by r|x, and neither q'^ nor q'2 is blown-up by r|y; 

(4) identifying /i,/2 with T*(/i),T*(/2) G Pic(Z4) and f{,f^ with t'*(/0,x'*(/^) G 
Pic(Z4), we have the following relations in Pic(Z4).- 

/2 = f;_ + 2f[ - 2E,, , f'2 = f2 + 2/1 - 2£„ 

Ez = 2f[ - E^i, E^i = 2/1 - fix, 

where Ei, E-^i G Pic(Z4) correspond to the exceptional divisors ofi andx' respec- 
tively, which are the sum of two exceptional curves. 

Proof. Denote by 7i: X4 — !> P' and n' : 14 —> P' the morphisms whose fibres are fi and f[ 
respectively. As it was already observed in the proof of Lemma 4.1, both 7t, k' are conic 
bundles, with four singular fibres, and the four singular fibres correspond to the four branch 
points of the double coverings n: r\x{rx) — > P' and n' : ri}'(ry) P^ Since Fx and Fy 
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are isomorphic elliptic curves, we can assume that the four points are the same for both 
morphisms. Denote by A C P' the union of the image by n of the points blown-up by r\x, 
the image by 7t' of the points blown-up by r[Y, and the points corresponding to singular 
fibres of K (or 7i')- 

We define a closed subset V C Fx x Tx consisting of pairs {q\,q2) that we "do not 
want", and denote by U its complement. The closed subset V is the union of the pairs 
(^1 , ^2) such that K{qi) or K{q2) belongs to A. Observe that V is a finite union of curves of 
Fx X Fx (of bidegree (0, 1) or (1,0)). 

Choosing (qi,q2) G U, such that qi , q2 are on distinct fibres of K, we can define a bira- 
tional morphism x' : Z4 — >^ W which contracts the strict transforms of the fibres of n which 
pass through q\ and q2. The map (p = t't^' conjugates a^^ to a biregular automorphism 
of W, which preserves any fibre of the conic bundle Kw = 7t(p^'. In fact, cp is a sequence 
of two elementary links of conic bundles. It remains to show that for a good choice of 
(qiiqi) G U, the triplet {W,nw,^ci?<^^^) is isomorphic to {Y,k' , p"), using Lemma 4.2. 

Let El C X4 be a (— l)-curve which is a section of n; we fix a birational morphism 
IJx'X4^ which contracts £1 and all (— l)-curves lying on fibres of K that do not in- 
tersect El, which we call £2, • • • ,£5- The fibres of n correspond to lines of passing 
through the point pi = iJx{Ei), the curves equivalent to /2 correspond to conies passing 
through p2 — /Jx{E2),- • • ifs = l^xiEs). For any pair (^1,^2), we denote by C C X4 (re- 
spectively D C X4) the strict transform of the conic of P^ passing through pi,p2,P3,qi,q2 
(respectively pi,p4,p5,qi,q2), and denote by C',D' C W their strict transforms by (p. The 
curves C, D are sections of K and intersect into three points: qi, q2, r e X4. The cur- 
ves C', D' are sections of Tiw of self-intersection —1, and intersect into one point, which 
is (p(r) G W . The isomorphism class of the triplet {W,Tiw,^o?(s;)^^) is given by 7tw((p('")) G P 
(Lemma 4.2), equal to %{r) e P'. Fixing qi, and choosing one of the two possibilities 
for r, on the fibre given by the isomorphism class of (F, Tt^jP^), the curves C, D can be 
chosen as the conies passing respectively through pi, p2, P3, qi, r and pi, p4, ps, qi, r, 
so q2 is uniquely defined. This gives us two irreducible curves V'i,y2 of bidegree (1,1) in 
Fx xFx, which are thus not contained in V. Choosing a general point of Vi n ?7, the triplet 
(W,7tiv,(poc^(p^') is isomorphic to (Y^ny,^^). 

The fact that r[x does not blow-up qi or q2 and that r[Y does not blow-up q\ or q'2 is 
given by the fact that 71 (^, ) = 7i' (^J ) ^ A for / = 1 , 2 . 

It remains to show the relations in Pic(Z4). The equalities fi ~ f[ and E^+E-^t = 2fi 
are given by the construction of x, x'. The adjunction formula, and the fact that —Kx_^ = 
fi +f2, -Ky^ = f'l +/2 yields -Kz^ = /i +/2 -^x = /( +/2 -^x' and the remaining 
equalities. □ □ 



4.6. The hyperbolic embeddings. Now we have the map 9: X4 ¥4 constructed in 
§4.5 above, which conjugates to p^, the group generated by a and P is a subgroup of the 
Cremona group, which is isomorphic to SL(2,Z) if and only if there is no other relation 
than the obvious 1 = = p^ = a^p^ which arise by construction. We compute the action 
of a, p on Pic(X), Pic{Y), and on a surface Z which dominates X, Y, where both a, p act. 
This surface exists if the group generated by the action of both maps on the elliptic curve 
fixed by and P^ is a finite subgroup of automorphisms of the curve (which is true for 
example when either a or p fixes the curve), and if it does not exist, we can also compute 
the action on the limit of the Picard groups obtained. 
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(1) z 




X Z4 Y 




Proposition 4.7. For j = 1,2,3, choose a G Aut(X) as an automorphism of order 6 of a 
del Pezzo surface X, which is respectively given in case I, II or III of §4.4, such that a? 
fixes pointwise an elliptic curve Fx, and choose p as an automorphism of order 4 of a del 
Pezzo surface Y of degree 2, which fixes pointwise an elliptic curve Yy isomorphic to Tx, 
{which implies that a? and are conjugate). This yields, with the above construction, 
a hyperbolic embedding Qh.j'- SL(2,Z) C Aut(Z) C Bir(Z) ~ Bir(P^) which preserves an 
elliptic curve Y isomorphic to Tx and Yy. 

The surface Z is obtained by blowing-up respectively 12, 10 and 10 points on a smooth 
cubic curve ofF^ isomorphic to F, and the action o/9/,,,(SL(2, Z)) on F is respectively the 
identity, a translation of order 3 and an automorphism of order 3 with fixed point. There 
is no curve ofZ distinct from F which is invariant by 9/,.,(SL(2,Z)). The curve F can be 
chosen to be any elliptic curve for j = 1,2. 

Proof. In case y = 1, we take (/i,/2,£'i,£'2,£3) as a basis of Pic(X)"\ where Ei,E2,E3 
are the three curves contracted by r[x, and /i ,/2 correspond to the fibres of the two conic 
bundles invariant by on X4. Applying Proposition 4.3, a preserves the submodule gen- 
erated by /i, /2, E, where £ = £1 + £2 + £^3 is the divisor contracted by r|x, and its action 
relatively to this basis is 

"1 3 3 " 
3 4 6. 

-2 -4 -5 

In cases j = 2,3, we take (/i,/2,£') as a basis of Pic(X)"', where E ^ E\ is the (ir- 
reducible) divisor contracted by r|x, and /i,/2 correspond to the fibres of the two conic 
bundles invariant by a on X4. Applying Proposition 4.3, the action of a on Pic(X)" 
relatively to this basis is 

"0 1 ' 
1 1 1 

-2 -1 

(for a good choice of fi,f2,E). 

In each of the three cases, we take (/p/j,^^ ,£2) as a basis of Pic(}')P", where £{ ,£2 are 
the divisors contracted by r|y, and f[,f2 correspond to the fibres of the two conic bundles 
invariant by p" on Y4. Applying Proposition 4.4, p preserves the submodule generated by 
/[',/2,£', where £' = £j +£2 is the divisor contracted by rij- and its action relatively to 
this basis is 

1 2 2 ' 

2 12. 

-2 -2 -3 
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We denote hy %x'- Z the blow-up of the points corresponding to the points blown- 
up by T and riy {see Diagram (1)), and denote again their exceptional divisors by E-c and 
Similarly, we denote hy Ky: Z the blow-up of the points corresponding to the two 
points blown-up by t' and x\x, and denote again their exceptional divisors by E^i and E. 
Since X4 and I4 are del Pezzo surfaces of degree 4, they are obtained by blowing-up 5 
points of P^, all lying on the smooth cubic being the image of Fx or Yy- This implies 
that Z is the blow-up of 12 points of if / = 1 and of 10 points of P^ if / = 2, 3, all points 
belonging to the smooth cubic curve. Moreover, both a and p lift to automorphisms of Z. 

We denote by the same name the pull-backs of the divisors /i , /2, £, E' , Et^ on Z. Recall 
that El is the sum of two (— l)-curves. The action of a in case y = 1, a in case j G {2,3} 
and P in each case on the subvectorspace W of Pic(Z) (g)R generated by {fi,f2,E,E',Ei) 
are respectively 
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relatively to this basis. The first two matrices are obtained because a fixes the curve Fx, and 
because E', E^ correspond to points of Fx which are not blown-up by r|x (Lemma 4.6). The 
second matrix is obtained applying again Lemma 4.6, which yields the equations /i = /(, 
/2 = + 2/j — IEt^i, E-c ~ 2f[ — Et;i. One easily checks that the only elements of W 
which are fixed by a and P are the multiples of the canonical divisor, corresponding to 
[1, 1, —1, —1, —1]. This implies that any curve C C Z invariant by the group is a multiple 
of the elliptic curve Fz C Z (strict transform of F^ and Fy). This curve having negative 
self-intersection, C has to be equal to Fz- 

By construction, we have = P* = 1 and p" = a^. We have to prove that no other 
relation holds, and that any element of infinite order corresponds to a hyperbolic element 
of Aut(Z). Writing pi = ap and p2 = a^p, this corresponds to show that for any sequence 
(i'l, . . .,;■„) with ik G {1,2}, the element p,„ p,| is a hyperbolic element of Aut(Z). 

To show this, we look at the action of a, p on the orthogonal Wq = of the canonical 
divisor K eW C Pic(Z) in W. We choose a basis of Wq, made of orthogonal eigenvectors 
of p. 

If 7 = 1, the basis is < [1,0,0, -1,0], [2, 1,0, -1,-2], [3, 1, -2, -1, -2], [4,2, -2, -2, -3] >, 
which has signature < —2, —2, — 2, 2 > and the actions of a, a^, P relatively to it are respec- 
tively 
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We denote by H the fourth basis vector, which is the only one with positive square, and 
compute by induction on n the vector //„ = p,„ p^j (H) for « > (with Hq — H). 
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Writing H„ = 



(2) 



-b„ 
-c„ 



we prove by induction on n the following inequalities: 



^n; ^ni 



> 
> 
> 
> 





5 



where the last one will yield the result, implying that p,^, p,j is a hyperbolic element 

of Aut(Z) of dynamical degree > (|)'^. 

Note that (2) is easily checked for n = 0, since io — I, oq ~ bo = co = 0. We assume 
the result true for « and prove it for « + 1 . We have H„+i ~ p,^_^| {H„) = a'"+i P(//„), which 
is equal to 



— 2fl„ — 2Z7„ + 3c„ — 4£„ —a„ — 2b„ — 2£„ 

or 

— fl„+2c„ — 2£„ — 2fl„ — 3/?,, + 2c„ — 4^„ 

2a„ + 2^7,, — 4c„ + 5€„ 2fl„ + 4b„ — 2c„ + 5£„ 

We deduce the inequalities fl„+i, c„+i, £„+i > directly from a„, b„ > and 

> c„ > 0. Computing £„+i — 2fl„+i = i?„ + 2fl2n, we obtain £„+i > 2fl„+i . We compute 
then 5in+i — 6c„+i to see that it is positive, and obtain either 13^„ — 8c„ +4fl„ + lQb„ > 
( 1 3 - 8 • I )4 + 4fl„ + 1 Ob„ > or 4 + 2c„ + 2b„ - 2fl„ > 0. To get (2), it remains to see 

that 4+1 > 54 -4c„ = li„+4{li„-c„) > |4 > (§)"+'. 



For y = 2, 3, the situation is similar, with other data. The basis is now < [1,0,0,-1,0], 
[2, 1,0, -1, -2], [8,2, -2, -2, -5], [9,3, -2, -3, -6] >, whichhas signature < -2, -2, -6,6 > 
and the actions of a, a^, P relatively to it are respectively 



2 


-9 


-18 


-24 


6 


-20 


-36 


-51 


6 


-18 


-35 


-48 


7 


22 


42 


58 



-6 


-18 


-21 


-20 


-54 


-66 


-12 


-35 


-42 


17 


48 


58 



-1 
0-100 

10 

1 



We again denote by H the fourth basis vector, which is the only one with positive square, 
and compute by induction on n the vector Hn = Pi„ Pii {H) for n > (with Hq = H). 

-fl„ 



Writing H„ = 



(3) 



-Cn 
f 



we prove by induction on n the following inequalities: 



; , Cyl , £fj 



> 
> 
> 





10", 



where the last one will yield the result, implying that p^. p,, is a hyperbolic element 

of Aut(Z) of dynamical degree > 10*^. 

Again, (3) is easily checked for « — 0, since 4 = 1, ao = = co = 0. We assume the 
result true for « and prove it for « -f- 1. We have H„+i = p,^_^, (//„) = a'"+' which is 

equal to 
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-2fl„-%„ + 18c„-244 
—6a„ — 20b„ + 36c„ — 51^„ 
-6a„- 18^„ + 35c„-484 
la„ + 22b„-42c„ + 58£„ 

We deduce the inequalities fl„+i, &n+i, c„+i 



— 2fl„ — 6b„ + 18c„ — 2l£„ 
-9a„ - 20bn + 54c „ - 66^ 
— 6a„ — I2b„ + 35c„ — 42£„ 
8a„+nb„-48c„ + 58£„ 
, £n+i > directly from «„, b„ > and 



£n > c„ > 0. Since £„+i — c„+i is either equal to a„ + 4bn — Ibn + 10£„ or to 2fl„ + 5b„ 
13c„ + 16^„, it is positive. To get (3), it remains to see that 

4+1 >584-48c„ = 104+48(£„-c„) > m„ > (10)"+^ 

□ 



□ 
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